Dirac's contributions to the discovery of non-relativist quantum mechanics and quantum electrodynamics, prior to his discovery of the relativistic wave equation, are described.
Introduction
Dirac's most famous contributions to science, the Dirac equation and the prediction of anti-matter, are known to all physicists. But as I have learned, many today are unaware of how crucial Dirac's earlier contributions were -that he played a key role in the discovery and development of nonrelativistic quantum mechanics, and that the formulation of quantum electrodynamics is almost entirely due to him. I therefore restrict myself here to his work prior to his discovery of the Dirac equation in 1928. 1 Dirac was one of the great theoretical physicist of all times. Among the founders of 'modern' theoretical physics, his stature is comparable to that of Bohr and Heisenberg, and surpassed only by Einstein. Dirac had an astounding physical intuition combined with the ability to invent new mathematics to create new physics. His greatest papers are, for long stretches, argued with inexorable logic, but at crucial points there are critical, illogical jumps. Among the inventors of quantum mechanics, only deBroglie, Heisenberg, Schrödinger and Dirac wrote breakthrough papers that have such brilliantly successful long jumps. Dirac was also a great stylist. In my view his book
The Principles of Quantum Mechanics belongs to the great literature of the 20th Century; it has an austere tone that reminds me of Kafka. 2 When we speak or write quantum mechanics we use a language that owes a great deal to Dirac. First, a few words about Dirac's life. 3 4 He was born on August 8, 1902 , in Bristol. Dirac's father, who was Swiss, was a domestic tyrant: he forced his children to speak to him only in French, forbade most social contacts, and compelled them to pursue studies in which they were not interested. Paul's older brother committed suicide and Paul was exceptionally introverted and reclusive even by the standards of theoretical physics. Dirac's difficult relationship with his father is evident from the fact that he invited only his mother to Stockholm when he was awareded the 1933 Nobel Prize.
Dirac graduated in electrical engineering from Bristol at the age of 19. He won a scholarship to Cambridge but could not afford to accept it. He stayed on in his parent's house, took a second degree in mathematics at Bristol, and then won a better scholarship which allowed him to move to Cambridge in 1923 where he became a research student of R.H. Fowler, a prominent theorist. Reminiscences by two of Dirac's colleagues offer glimpses of his personality. Nevill Mott, a Cambridge colleague during Dirac's rise to fame, observed that 5 "Dirac is rather like one's idea of Gandhi. He is quite indifferent to cold, discomfort, food, . . . He is quite incapable of pretending to think anything that he did not really think. In the age of Galileo he would have been a very contented martyr." In a conversation I had with Niels Bohr in 1959 about superconductivity, he suddenly remarked that 6 "Dirac was the strangest man who ever visited my institute." I asked why, and Bohr responded that "during one of Dirac's visits I asked him what he was doing. He replied that he was trying to take the square-root of a matrix, and I thought to myself what a strange thing for such a brilliant man to be doing. Not long afterwards the proof sheets of his article on the equation arrived, and I saw he had not even told me that he had been trying to take the square root of the unit matrix!" Dirac was so shy that he wanted to refuse the Nobel Prize, but changed his mind after Rutherford warned him that turning it down would produce far more publicity.
Although Dirac focused on physics obsessively, he loved to travel and to walk in the mountains, where he displayed exceptional endurance. He travelled around the world three times, first in 1929 in the company of Heisenberg from Yellowstone to Japan. They were both becoming quite famous by then, and the press wanted an interview when their boat docked in Japan. Heisenberg knowing how shy his colleague was, told the reporters Dirac was unavailable even though he was standing right beside him.
Because I only deal here with two years of Dirac's career, a list of the highlights in his scientific life is in order: 7
• November 1925 -reformulation of Heisenberg's groundbreaking paper; canonical quantization This ground-breaking paper is notoriously difficult to follow because it contains what seem to be "magical" steps. Even van der Waerden, a powerful mathematician who made significant contributions to quantum mechanics, admits to not being able to follow at critical points although he had the benefit of interviews with Heisenberg. In 2004 however, Aitchison, MacManus and Snyder published a detailed and plausible argument that fills in the missing links in Heisenberg's paper. 11 I will, therefore, confine myself to a very thin sketch of Heisenberg's paper.
Given that Heisenberg had decided that the classical position was an unobservable and meaningless concept in the atomic domain, 12 he had to propose an observable 'quantum-theoretic' replacement. Motivated by the recent work of his colleagues Born and Kramers on radiation processes, he chose the whole set of radiative transition amplitudes, whose squares had been identified by them as proportional to transition probabilities, and thus observable. These amplitudes are what would subsequently be called (apart from a trivial factor) the matrix elements x nm of the position operator, with the time dependence exp iω nm t. This was a huge step, of course, replacing the numerical function of classical mechanics by an infinte array involving all the states of atom. He then addressed his own question: what is the expression for x 2 such that its time dependence also satifies the Bohr-Einstein condition? This led him rather directly to
"as an almost necessary consequence of the frequency combination rule." That this is the law of matrix multiplication was not yet known to him! He then points out (actually more than once) that "a significant difficulty arises if we consider two quantities x and y . . . whereas in classical theory xy is always equal to yx, this is not necessarily the case in quantum theory [as here proposed]."
Heisenberg then turned to dynamics, and wanting to obey the Correspondence Principle, he thought "it is very natural to take over the [classical] equation of motion." He considered the anharmonic oscillator, and with an intricate calculation he found the energies W n to second order in the anharmonic term, and showed that they still obeyed the Bohr-Einstein rule.
3 Dirac enters the scene Up to the summer of 1925 Dirac had published a handful of papers, but none addressing basic issues in quantum theory. 13 He had closely studied relativity and Hamiltonian mechanics. Dirac's first reaction to Heisenberg's manuscript was dismissive -" it needed about ten days or so before I was really able to master it. And I suddenly became convinced that this would provide the key to understanding the atom." 14
In contrast to Heisenberg, who feared it was a serious flaw that his his 'quantum-mechanical quantities' do not, in general, commute, Dirac believed that this property was of critical importance.
His breakthrough came during one of his habitual long Sunday walks in the countryside -"the idea first came in a flash -out of the blue . . . He then turned to intrucing new mathematical operations with sections entitled "quantum algebra"
and "quantum differentiation." To establish a relationship between the commutator xy − yx of two 'quantum quantities' and a Poisson bracket, Dirac considered matrix elements (xy) mn for large values of m and n where the Corresponence Principle would say that the matrix should be close to diagonal, 16 and Taylor expanded in the supposedly small quantity m − n. This led him to
where the arrow means in the limit of large quantum numbers.
Dirac then promoted this approximate relationship to (emphasis in original) "the fundamental assumption that the difference between the Heisenberg products of two quantum quantities is equal to i times the [quantum quantity that correspons to] their Poisson bracket," where 'quantum quantity' was soon understood to mean 'operator', or in Dirac's later terminology q-number or 'observable.'
The canonical comutation rules are, of course, an immediate consequence of this assumption, as well as the equation of motion for any 'quantum quantitity' x(t): In January 1926, Schrödinger's first paper on wave mechanics appeared. At first Heisenberg, Dirac et al. were hostile to wave mechanics because they thought it gave the misleading impression that the classical concepts of continuity and visualizability would survive the revolution, whereas they believed that it was a central virtue of their abstract theory that it did not evoke such delusions. Soon enough-by the summer of 1926-first Heisenberg and then Dirac found that wave functions were invaluable in dealing with many body problems. 19 Their papers were the first to recognize that indistinguishability has profound consequences in quantum mechanics that have no counterpart whatsoever in classical physics.
Heisenberg attacked the two-electron problem, helium, which had totally defeated the Old Quantum Theory. He discovered that the Pauli principle requires two-electron wave functions to be antisymmetric, and that the large splittings between spin triplets and singlets was an electrostatic effect due to the correlations imposed on the wave functions by antisymmetry. 20 At about the same time, Dirac produced a general analysis of systems composed of identical particles. 21 He showed that particles obeying Bose-Einstein statistics must be in symmetric states 
The birth of quantum electrodynamics
Dirac's manuscript on the absorption and emission of light was received by the Royal Society on February 27, 1927. 22 This was the birth of quantum electrodynamics. 23 By then about one and a half years had passed since Heisenberg's first paper. Considering the ability of the pioneers, the speed with which they had advanced, and the centrality of the radiation problem, this was a long wait. In any modern text on quantum mechanics, the treatment of the simplest radiative processes is among the most straightforward chapters. So why did it take so long, and why were Dirac's brilliant contemporaries so impressed by this paper?
The reason would seem to be that the theoretical machine did not yet have enough horsepower to handle this problem. Those working with Schrödinger's equation rarely left the coordinate representation, and the matrix mechanicians primarily dealt with stationary states using the representation in which the Hamiltonian is diagonal. No one had a formulation that could handle processes in which the number of degrees of freedom change, and time dependent perturbation theory was hardly developed. A more powerful formalism not so tied to classical mechanics was needed to describe radiation, and Dirac provided this with his transformation theory, sent to publication exactly two months before the radiation paper. Both of these papers were written in Copenhagen, where Dirac, for the first time, had the opportunity to interact with other quantum pioneers, especially Bohr and Heisenberg. Pascual Jordan also published a sophisticated and elaborate discussion of transformation theory at the same time. 24 Transformation theory was, however, the last major contribution by Dirac to be discovered simultaneously by someone else. Starting with radiation theory, he led the advance into what became relativistic quantum field theory.
The paper on transformation theory 25 was Dirac's favorite-he often referred to it as "my darling," not the sort of word he was in the habit of using. The paper's title is "The physical interpretation of the quantum dynamics" because its central goal is the generalization of the Born interpretation of the Schrödinger wave function to scalar products between arbitrary states. The article also established the relationships between the various formulations of the theory -wave mechanics, matrix mechanics, and his own abstract formulation using q-numbers and c-numbers. As to the paper's form, the theory had never before this been expressed in so elegant, general, compact and abstract a form-the form with which we are familiar today. It is an easy read for us, but most of Dirac's contemporaries found it formidably abstract, and the style did not become popular until several decades later. After first hearing Dirac's presentation of transformation theory, Heisenberg, in a letter to Pauli on November 23, 1926 from Copenhagen, wrote of Dirac's "extraordinarily grandiose generalization of transformation theory." 26 Dirac began with sections introducing his notation for q-numbers having discrete and/or con-tinuous spectra; for dealing with the latter he introduced his delta function:
". . . of course, δ(x) is not a proper function of x, but can be regarded only as the limit of a certain sequence of functions. All the same one can use δ(x) as though it were a
proper function for practically all purposes . . . without getting incorrect results. One can also use [derivatives] of δ(x) which are even . . . less "proper" than δ(x) itself."
The notation (α ′ |β ′ ) is introduced for the element of the matrix that transforms from the representation in which the q-number α has the eigenvalue α ′ to the one where β has the value β ′ .
He later shows that the time-independent Schrödinger wave function ψ E ′ (q ′ ) is the transformation function (E ′ |q ′ ) from the representation in which the coordinate has the value q ′ to where the energy has the value E ′ . Furthermore, he showed that if a system is in the state represented by the wave function
the probability that an arbitrary q-number Γ will display its spectrum γ in some range (γ 1 , γ 2 ) is
Dirac's 1927 paper on radiation theory presented the first formulation of second quantization for bosons; the first explanation of spontaneous emission from first principles; and the first derivation of the 'Golden Rule' of time dependent perturbation theory. 27 In the paper's introduction Dirac pointed out that his theory displays expands an arbitrary solution Ψ(t) in terms of the stationary states ψ n belonging to H 0 :
so that the expansion coefficients satisfy
we now call this the interaction representation.
The system of interest is composed of N indistinguishable particles obeying Bose statististics.
This is used to justify the unconventional normalization
obtained by multiplying each a n by √ N , with the interpretation that now |a n | 2 "is the probable number of particles N ′ n in the state n." He then redefines the interaction Hamiltonian as
in which a n and i a * n are canonically conjugate variables, and are still c-numbers! He then jumps to second quantization by defining the q-number creation and destruction operators
The Schrödinger equation was then written in the representation in which the operators b † n b n are diagonal with integer eigenvalues N ′ n :
The total number of particles is still conserved! Now the last long jump. Dirac observes that "the light quantum has the peculiarity that it apparently ceases to exist when it is in . . . the zero state in which its momentum, and therefore its energy, is zero. When a light quantum is absorbed it can be considered to jump into the zero state, and when one is emitted it can be considered to jump from the zero state to one in which it is in physical evidence, so that it appears to have been created."
It is remarkable that although Dirac had just invented invented the mathematical description of particle creation and destruction, he had not yet accepted the concept. In his conception the zero state -the vacuum, contains an infinite number of light quanta, all those which have already disappeared in absorption and those that are still to appear in emission. This idea that the vacuum contains an infinite number of particles would be used by him again to invent hole theory.
The assumption that N ′ 0 is infinite then motivated the last jump:
The interaction between the radiation field and matter was then shown to assume the familiar second-quantized form in the dipole approximation. After deriving the Golden Rule he used it to find the rates for absorption and emission, and the Einstein relations between them. 28 In retrospect, it appears to me that in creating quantum electrodynamics, Dirac started out with the radiation issue at the back of his mind, but first focused on describing a system of interacting bosons, where conservation of N would be a natural (even unstated) assumption. Then, after inventing second quantization, he turned to radiation, where conservation of N has to be gotten rid of, which he accomplished by imagining that the vacuum holds an infinite number of light quanta, which later paid off in hole theory and the prediction of antimatter. Of course, it is also so that until Fermi's theory of β-decay in 1934, no one thought of creating particles out of 'nothing'.
Two months after his first paper on radiation theory, Dirac finished the rather complicated derivation of the Kramers-Heisenberg dispersion formula for scattering of light by extending his time dependent perturbation theory to second order. 29 In this paper he strips away the N -conserving underbrush he had to traverse in his previous paper, and provides a description of the theory that is far clearer to the modern reader, with second quantization used from the start. He also developed, but did not publish, the theory of line width. 30 Dirac published a general theory of collisions in non-relativistic quantum mechanics in July 
